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The current concepts of isospin and baryon mass groups are only well-adapted to deal with baryon
multiplets involving both the u and d quarks, and some other quark k. In this paper, we generalize
isospin and mass groups to accommodate baryon multiplets involving quarks of any flavor, and the
Gell-Mann–Okubo (GMO) formalism is generalized accordingly. Generalized isospin proves to be
a simple and valuable framework when working in non-udk baryon multiplets, and provides new
quantum numbers that allows us to distinguish Λ-like baryons from Σ-like baryons in the non-udk
multiplets. The generalized GMO formalism allows us to quantify the quality of flavor symmetries
seen in baryon multiplets, and also allows us to predict the masses of all observable JP = 1
2
+
and 3
2
+
baryons with an estimated accuracy on the order of 50 MeV in the worst cases, on mass scales that
span anywhere from 1000 MeV to 15000 MeV.
PACS numbers: 11.30.Hv, 12.40.Yx, 14.20.-c, 14.65.-q
I. INTRODUCTION
The concepts of isospin, proposed by Heisenberg in
1932 [1–3] to explain the similar masses of nucleons, and
strangeness, following the efforts of Nakano, Nishijima
and Gell-Mann in the mid-1950s [4–6] to explain de-
cay properties of particles such as the Σ baryons and K
mesons, are of key importance in hadron physics. These
efforts culminated in the Gell-Mann–Nishijima (GMN)
formula for the charge of hadrons:
Q = Iz +
1
2
(B′ + S) , (1)
and the multiplicity relation:
mult (Iz) = 2I + 1, (2)
where Q is the charge number, I is isospin, Iz is the
isospin projection, B′ is the baryon number, and S is
strangeness. The I and S values of the light baryon
mass groups are summarized in Table I. This paved the
way for Gell-Mann [7] and Ne’emann [8] to propose the
Eightfold Way in the early 1960s. The Eightfold Way
explained the patterns observed in mass vs. Iz diagrams
in terms of a broken SU(3) symmetry (see Fig. 1). In
particular, it allowed Gell-Mann [7] and Okubo [9, 10]
to develop a mass formula for hadrons, known as the
∗ To whom correspondence should be addressed: g.landry@dal.ca
Gell-Mann–Okubo (GMO) formula:1
M (I, S) = a0 − a1S + a2
[
I (I + 1)− 1
4
S2
]
, (3)
where a0, a1, and a2 are free parameters
2 specific to a
given multiplet.
TABLE I: Light baryon mass groups
Multiplet Mass groupa I S
Octet
N 1/2 0
Λ 0 −1
Σ 1 −1
Ξ 1/2 −2
Decuplet
∆ 3/2 0
Σ∗ 1 −1
Ξ∗ 1/2 −2
Ω 0 −3
Singlet Λ† 0 −1
a For notational convenience, we use Σ∗, Ξ∗, and Λ† to refer to
the Σ(1385), Ξ(1530), and Λ(1405) groups, respectively, as well
as their counterparts in higher mass multiplets.
1 A concise derivation of the GMO formula is also available in [11].
2 The parameters are chosen so that they are positive.
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(a) The light baryon octet.
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(b) The light baryon decuplet.
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(d) SU(3) weight diagrams for the light baryon decuplet.
FIG. 1: Mass vs. Iz and SU(3) weight diagrams for the light baryon multiplets. The quark model explained Iz in
terms of the u and d quarks [Eq. (9)], and S in terms of the s quark [Eq. (10)]. Masses are taken from [12]. In the
number of quark space, baryon states lie on a plane which intersects the axes at (3,0,0), (0,3,0), and (0,0,3). Note
that the Σ0, Λ0, and Σ∗0 baryons lie at (1,1,1) and not at (0,0,0).
The GMO formula is more commonly encountered as3
N + Ξ
2
=
3Λ + Σ
4
(4)
3 For convenience, we use the mass group symbols to denote the
average mass of the mass groups.
for the light baryon octet, and as the equal-spacing rule
Ω− Ξ∗ = Ξ∗ − Σ∗ = Σ∗ −∆ = a1 − 2a2 (5)
for the light baryon decuplet. We note that a similar
relation exists in the octet as well:
Ξ− Σ = a1 − 2a2, (6)
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-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
1000
1500
2000
2500
3000
3500
4000
4500
5000
5500
I z
us
M
as
s (
M
eV
)
Δ++
Σ*+
Ξ*0
Ω−
Σc
*++Ξc
*+Ωc
*0
Ξcc
*++Ωcc
*+
Ωccc
++
(b) The usc decuplet.
FIG. 2: The usc multiplets. Measured masses are taken from [12] and are indicated by +, while masses predicted
using Eq. (20) and parameter values from Table IV and Table VII are indicated by ×. Iusz is the analogue of Iz in
this multiplet [see Eq. (18)].
and we also note the following relation:
Σ− Λ = 2a2. (7)
The GMO formula reproduces the masses of light
baryons with a root-mean-square (RMS) error of 7 MeV
in the octet and 3 MeV in the decuplet, and famously
allowed Gell-Mann to predict the existence and mass of
the Ω− baryon [13, 14], based on the equal-spacing rule
[Eq. (5)], firmly establishing the validity of the Eightfold
Way.
Shortly after the discovery of the Ω−, Gell-Mann
proposed the quark model, which provides the phys-
ical basis behind the Eightfold Way. In particular,
the baryon number, the isospin projection,
and strangeness are explained in terms of
the numbers of u, d, and s quarks (see Fig. 1):
S = −ns, (8)
Iz =
1
2
(nu − nd) , (9)
B′ =
1
3
(nu + nd + ns) . (10)
These, when substituted in the GMN formula [Eq. (1)],
would yield
Q = +
2
3
(nu)− 1
3
(nd + ns) , (11)
i.e., the charge of a hadron is simply due to the charge of
its constituent quarks. The equal-spacing rule can also
be understood as a consequence of the u and d masses
being very similar to each other, with the s mass being
higher:
a1 − 2a2 = ms − 1
2
(mu +md) . (12)
That is, with each increase in ns, one adds one s quark,
and removes either one u or d quark. Therefore the mass
accordingly increases by ms, and decreases (on average)
by the average of mu and md, where mu, md, and ms are
the bare masses of the u, d, and s quarks, respectively.4
In terms of representation theory, flavor sym-
metries in light baryons can be described as
3⊗ 3⊗ 3 = 10⊕ 8⊕ 8⊕ 1, with the baryon decu-
plet, octet, and singlet being associated with 10, 8, and
1 respectively.
The additional concepts introduced by the discovery
of the c, b, and t quarks are simply the introduction of
three new flavor quantum numbers:
C = +nc, (13)
B = −nb, (14)
T = +nt, (15)
4 In the decuplet, the mass of a baryon can be said to be due to
the bare mass of its valence quarks plus some interaction term.
Within the decuplet, this interaction term should be constant for
all members, as all members share the same symmetries. Eval-
uating the mass difference between mass group therefore probes
the bare mass of quarks.
4the generalization of baryon number [Eq. (10)] to
B =
1
3
(nu + nd + ns + nc + nb + nt) , (16)
and the generalization of the charge formula [Eqs. (1)
and (11)] to respectively
Q = Iz +
1
2
(B′ + S + C +B + T ) , (17a)
= +
2
3
(nu + nc + nt)− 1
3
(nd + ns + nb) . (17b)
In terms of representation theory, flavor
symmetries in baryons are described as
6⊗ 6⊗ 6 = 56⊕ 70⊕ 70⊕ 20. Unfortunately, this
is usually all that is said concerning the additional
baryons, with the usual caveat that SU(N) symmetries
get worse as N increases. For instance, while one could
select any three flavors of quark study the symmetries
of the associated multiplets on their own (see Fig. 2 for
the usc multiplets) there is a lack of obvious framework
in which to do so, and one must usually resort to ad hoc
analogies in those cases. For example, Mahanthappa
and Unger talked of “U -spin”(isospin analogue for d and
s symmetries) and “L-spin” (isospin analogue for u and
c symmetries) in [15], to study baryons in the context of
SU(4) symmetries.
II. GENERALIZED ISOSPIN AND
GENERALIZED MASS GROUPS
We therefore introduce the concept of generalized
isospin5 in a given multiplet of ijk flavors (with
i 6= j 6= k ∈ {u,d, s, c,b, t}), by analogy with “ordinary”
isospin [Eqs. (9) and (2)]:
Iijz =
1
2
(ni − nj) , (18)
mult
(
Iijz
)
= 2Iij + 1, (19)
and we introduce the concept of generalized mass groups
(Table II) by analogy with the light baryon mass groups
(Table I). This easily allows us to generalize the GMO
formula [Eq. (3)] to any baryon multiplet. If we set
mk > mj = mi, we would obtain the exact same formula
as before. However, by instead setting mk > mj > mi,
the mass degeneracy of the generalized isomultiplets is
lifted (see Fig. 3), and we instead obtain
M
(
Iij , Iijz , nk
)
= aijk0 + a
ijk
1 nk
+ aijk2
[
Iij
(
Iij + 1
)− 1
4
n2k
]
− aijk3 Iijz ,
(20)
5 The associated SU(3) operators can be found in Appendix A
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FIG. 3: In the GMO formalism (left), the ∆, Σ∗, Ξ∗,
and Ω mass groups are degenerate. In the generalized
GMO formalism (right), the degeneracy of the ∆ijk,
Σ∗ijk, Ξ
∗
ijk, and Ωijk mass groups is lifted.
TABLE II: Generalized mass groups
Multiplet Mass group Iij nk
Octets
Nijk 1/2 0
Λijk 0 1
Σijk 1 1
Ξijk 1/2 2
Decuplets
∆ijk 3/2 0
Σ∗ijk 1 1
Ξ∗ijk 1/2 2
Ωijk 0 3
Singlet Λ†ijk 0 1
where aijk0 , a
ijk
1 , a
ijk
2 , and a
ijk
3 are free parameters
6
specific to a given baryon multiplet involving the ijk
flavours.7 The last term is introduced to account for
the “skewedness” of the patterns found in mass vs. Iijz
diagrams (see Fig. 2 for example), and will be justified
later in this section.
These generalizations will yield the same type of mass
relations as before. For octets, using Eq. (20) and values
6 The parameters are chosen so that they will be positive when we
choose ijk so that mk > mj > mi.
7 To retrieve the original GMO results, one only has to set i = u,
j = d, k = s, and aijk3 = 0.
5from Table II leads to8
Nijk + Ξijk
2
=
3Λijk + Σijk
4
, (21)
where we again have
Ξijk − Σijk = aijk1 − 2aijk2 , (22)
and to
Σijk − Λijk = 2aijk2 . (23)
For decuplets, using Eq. (20) and values from Table II
again leads to equal-spacing rules:
Ωijk − Ξ∗ijk = Ξ∗ijk − Σ∗ijk = Σ∗ijk −∆ijk = aijk1 − 2aijk2 .
(24)
Again we note that the aijk0 , a
ijk
1 , a
ijk
2 , and a
ijk
3 of octets
may (and will) differ from those of decuplets.
As before, we can associate the aijk1 − 2aijk2 term with
the bare mass of quarks:
aijk1 − 2aijk2 = mk −
1
2
(mi +mj) , (25)
That is, with each increase in nk, one adds one k quark,
and removes either one i or j quark, and therefore the
mass accordingly increases by mk, and decreases (on av-
erage) by the average of mi and mj . We can also as-
sociate the mass difference (∆M) between two members
of a generalized mass group as being due to the differ-
ence in the bare masses of the i and j quarks (assuming
electromagnetic interactions can be neglected):
∆M = ∆nimi + ∆njmj . (26)
Noting that within a generalized mass group we have
∆ni = −∆nj , (27)
with the help of Eq. (18), Eq. (26) can be rewritten as
∆M = ∆Iijz (mi −mj) . (28)
In the original GMO formalism, ∆M is considered
negligible. This is justified, as mu −md ≈ 0.
This model allows us to come up with good descrip-
tions of how badly broken symmetries are in a given
baryon multiplet. The following ratio:9
Qijkabs = −
∆M
∆Iijz
= aijk3 = − (mi −mj) , (29)
representing the “slope” of mass groups in a mass vs.
Iijz graph, is a good absolute descriptor of the quality of
8 Here again, we use the mass group symbols to denote the average
mass of mass groups.
9 The minus sign before ∆M
∆I
ij
z
is added so that the ratio is positive
when mj > mi.
the symmetry of the i and j in a given baryon multiplet.
However, a relative (scale-independent) descriptor would
be a more objective assessment of the quality of the sym-
metry. A convenient way to build such a descriptor would
be to take the ratio of Qijkabs relative to the “mass height”
of the multiplet. For decuplets, using Eq. (20) , Eq. (25),
and Eq. (29), yields the ratio
Qijkrel ≡
Qijkabs
Ωijk −∆ijk = +
1
3
aijk3(
aijk1 − 2aijk2
) (30a)
= −1
3
(mi −mj)[
mk − 12 (mi +mj)
] . (30b)
For octets, using Eq. (20), Eq. (25), and Eq. (29), yields
the ratio
Qijkrel ≡
Qijkabs
Ξijk −Nijk = +
aijk3
2aijk1 − aijk2
(31a)
≈ +1
2
aijk3(
aijk1 − 2aijk2
) (31b)
≈ −1
2
(mi −mj)[
mk − 12 (mi +mj)
] (31c)
with the approximation being valid when
aijk1  aijk2 , (32)
or alternatively, when
Ξijk − Σijk ≈ Σijk −Nijk  Σijk − Λijk. (33)
In practice, this approximation will always be valid ex-
cept in the case of uds octet, where it will underestimate
its height by roughly 50%. One could also rescale Qijkrel
by a factor of 23 for the octet so that it compares better
to the Qijkrel for the decuplet:
Q˜ijkrel ≡

2
3Q
ijk
rel ≈ − 13 (mi−mj)[mk− 12 (mi+mj)] (octet) ,
Qijkrel = − 13 (mi−mj)[mk− 12 (mi+mj)] (decuplet) .
(34)
This will allow us to obtain an objective criteria for when
it is physically meaningful to speak of generalized mass
groups in both octets and decuplets.
If, for instance, the Iijz = − 32 baryon of the ∆ijk mass
group is more massive than the Iijz = +1 baryon of the
Σ∗ijk mass group (see Fig. 4b), it would be difficult to con-
sider ∆ijk and Σ
∗
ijk to be different mass groups. There-
fore if the condition
max(∆ijk) < min(Σ
∗
ijk) (35)
is satisfied, it will be meaningful to be speaking of mass
groups. Expressing Eq. (35) with the help of Eq. (28)
yields:
Σ∗ijk −∆ijk < −
5
2
(mi −mj) (36)
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FIG. 4: The generalized GMO parameters and their relation to the masses of baryons.
or, rewriting this in terms of the bare mass of quarks:
mk − 1
2
(mi −mj) < −5
2
(mi −mj) . (37)
Substituting Eq. (37) in Eq. (34) yields the criterion
Q˜ijkrel <
2
15
= 0.13¯. (38)
Other criteria, such as max
(
Σ∗ijk
)
< min
(
Ξ∗ijk
)
are less
restrictive, so we will not consider them.
A similar criteria can be devised in octets. If, for in-
stance, the Iijz = −1 baryon of the Σijk mass group is
more massive than Iijz = +
1
2 baryon of the Ξijk mass
group (see Fig. 4a), it would be difficult to consider Ξijk
and Σijk to be different mass groups. Therefore if the
condition
max(Σijk) < min(Ξijk) (39)
is satisfied, it will be meaningful to be speaking of mass
groups. Expressing Eq. (39) with the help of Eq. (28)
yields:
Ξijk − Σijk < −3
2
(mi −mj) (40)
or, rewriting this in terms of the bare mass of quarks:
mk − 1
2
(mi −mj) < −3
2
(mi −mj) . (41)
Substituting Eq. (41) in Eq. (34) yields the criterion
Q˜ijkrel .
2
9
= 0.22¯. (42)
Considering instead max (Nijk) < min (Σijk) would yield
the same criterion, provided that the approximation in
Eq. (33) is valid. However, considering instead
Λijk < min (Σijk) (43)
would, with the help of Eq. (28) , yield
Σijk − Λijk < − (mi −mj) . (44)
Using Eq. (23) and Eq. (29), we can express this as
2aijk2 > a
ijk
3 . (45)
This is almost never satisfied in the octets. But since
the Σijk − Λijk splitting is only expected to be on the
order of 50 MeV to 200 MeV, whereas the mass scales
involved in the octets are on the order of anywhere from
1000 MeV to 12000 MeV, this is not a very meaningful
criterion in the first place. Much more important is that
Λijk is less massive than the I
ij
z = 0 member of Σijk. If
this is satisfied, then aijk2 will be positive.
We will see in the next section that the condition
Q˜ijkrel <
2
15 is always satisfied in decuplets, and that both
Q˜ijkrel . 29 and a
ijk
2 > 0 are always satisfied in octets, so
long as the i, j, and k quarks are chosen so that k is the
most massive of all.
7III. DETERMINATION OF THE
GENERALIZED GMO PARAMETERS, Q˜rel, AND
THE MASSES OF ALL OBSERVABLE JP = 1
2
+
AND JP = 3
2
+
BARYONS
We analyzed each ijk octet and decuplet individu-
ally, and obtained the best fit values for the general-
ized GMO parameters via least-square minimization us-
ing CurveFitter 4.5.8 [16], with all data points given
the same weight. We used all masses from the PDG
particle listings [12], with the exception of the Ξ+cc.
The PDG lists the SELEX Ξ+cc as having a mass of
3518.9 MeV, which would presumably have its isodou-
blet partner Ξ++cc also lie in that mass range. How-
ever, it is given a 1-star rating for several reasons [12],
and the mass value is so far off the predicted value (by
160–200 MeV), both from our formalism and that of most
others (see Table XVII in [17] for a summary) that we
do not consider it wise to include in our fits. All other
baryons have either 4-star or 3-star ratings. The results
are summarized in Table III and Table IV.
In octets (see Table III), the aijk0 parameters do not
have any obvious interpretation, but seem to be related
to the mass of quarks in a subtle way. We see a pattern
where increasing the mass of the i and j quarks increases
the values of aijk0 , whereas increasing the mass of the k
quark decreases the values of aijk0 . We offer no explana-
tion for this. Particularly reassuring is the fact that the
aijk0 values for the ujk and djk octets agree very closely
to each other, as one would expect. The aijk1 parameters
on their own do not have any obvious interpretation, but
the difference aijk1 −2aijk2 should be related to the mass of
quarks via Eq. (25). And indeed we see that our results
are in good agreement with what we can expect from the
MS masses of quarks, within 20% in the uds case, and
within 10% in the non-uds cases. The aijk2 parameters
should be related to the Σijk−Λijk splitting via Eq. (23),
and we have good agreement there, within 15 MeV in the
uds case, and within 1 MeV in the non-uds cases. The
aijk3 parameters should be related to difference between
the masses of the i and j quarks via Eq. (29). However,
they will also be sensitive to the electromagnetic interac-
tion, which we neglected in our formalism, and which will
affect the results by a few MeV. We should therefore ex-
pect no better than order-of-magnitude agreement in the
udk multiplets, and good agreement in the other cases.
This is indeed the case. Lastly, the generalized GMO for-
malism accommodates the masses of octet baryons very
well, with RMS errors under 10 MeV. However, in the
case of non-uds multiplets, the agreement could be purely
fortuitous, as the masses of baryons containing two c or
b quarks are unknown, and are required to put strong
constraints on the generalized GMO parameters.
We could, however, predict the masses of the least
massive of these baryons (as well as all others, see
Table V and Fig. 5) based on our fits. Using Eq. (20)
and the generalized GMO parameters from the udc mul-
tiplet (see Table III), the masses of Ξ++cc and Ξ
+
cc should
be respectively 3717.46 MeV and 3717.62 MeV. Using the
generalized GMO parameters from the usc and dsc mul-
tiplets, we instead get 3676.26 MeV and 3673.84 MeV re-
spectively. Therefore, we expect the mass of Ξcc baryons
to lie around 3697± 30 MeV, which would give us RMS
errors on the order of 5 MeV. This is consistent with most
predictions from other models (see Table XVII in [17] for
a summary). Other predictions from Table V compare
well with most other models as well (see the other tables
in [17] for a summary). If, on the other hand, the SELEX
results are confirmed, the predictive power of the gener-
alized GMO formalism would be greatly diminished, and
we could not claim RMS errors on the order of 5 MeV,
but rather on the order of 40 MeV.
In decuplets, we have the relation (see Table II)
Iij =
3− nk
2
(46)
which prevents us from obtaining aijk0 , a
ijk
1 , and a
ijk
2 di-
rectly. However, we can rearrange Eq. (20) by substitut-
ing Eq. (46) into it to obtain:
M
(
Iij , Iijz , nk
)
=
(
aijk0 +
15
4
aijk2
)
+
(
aijk1 − 2aijk2
)
nk
− aijk3 Iijz
(47)
The first term (constant) corresponds to the mass of the
∆ijk group, the second term (linear in nk) is the spacing
of mass groups [Eq. (24)] and should be related to the
mass of quarks via Eq. (25), and the third (linear in Iij)
corresponds to the difference between the masses of the i
and j quarks [Eq. (29)]. This is indeed the case (see Ta-
ble IV). The remarks we made for aijk1 − 2aijk2 and aijk3
in the octets apply to the decuplets as well. Again our
results have good agreement with the expectations based
on the MS masses of quarks. The generalized GMO for-
malism again accommodates the masses of baryons well,
although not as well as in the case of octets, this time
with RMS errors typically on the order of 15 MeV. How-
ever, the uncertainties on baryon masses are also higher
in decuplets, so the increase in RMS errors is to be ex-
pected.
To have an idea of how consistent the generalized GMO
formalism is at predicting baryon masses in decuplets, we
will take two test cases with unknown masses, but which
are present in several decuplets: the Ω++ccc and the Ω
−
bbb.
Table VI and Fig. 6 summarize the predictions from the
various multiplets using the generalized GMO param-
eters from Table IV. We see that there is remarkable
agreement between multiplets for both of these baryons,
despite the lack of strong constraints on the generalized
GMO parameters, with the Ω++ccc and the Ω
−
bbb being pre-
dicted at 5062±40 MeV and 15006±30 MeV, respectively.
We note that these are the least consistent predictions in
8all decuplets, which span a scale from roughly 1200 MeV
to 15000 MeV.
Lastly, we see in Table VII that Q˜ijkrel <
2
15 is al-
ways satisfied in decuplets, and that both Q˜ijkrel . 29 and
aijk2 > 0 are always satisfied in octets so long as the i, j,
and k quarks are chosen so that k is the most massive of
all.
IV. CONCLUSION
We successfully generalized the familiar SU(3) frame-
work of the uds multiplets to any ijk baryon multiplets
via simple extensions of the existing concepts of isospin
and mass groups. The generalized GMO formalism ac-
commodates the masses of all observed baryons very well,
and should allow for fairly accurate baryon mass predic-
tions (with 50 MeV) for those not yet observed. The
properties of baryons containing two c or b quarks will
be a crucial test for the generalized isospin formalism.
It may be possible to use aijk0 and the masses of the
five observable quarks as free parameters, and do a fit on
all 10 octets or 10 decuplets at once, rather than use aijk0 ,
aijk1 , a
ijk
2 , and a
ijk
3 and do a fit on individual multiplets.
This would reduce the number of free parameters from
40 to 15.
Regardless of the accuracy of the generalized GMO
formalism, generalized isospin will at the very least allow
for a flavor-independent, yet familiar, framework when
working in the context of non-udk baryon multiplets. It
will also allow to distinguish between Λ-like baryons (part
of a generalized isospin singlet, such as the Ξ+c ) and Σ-
like baryons (part of a generalized isospin triplet, such as
the Ξ
′+
c ) with a quantum number, instead of having to
specify the nature of these baryons by comparing them
to udk analogs.
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9Appendix A: Generalized isospin operators and
related quantities
Since generalized isospin is based on the mathemat-
ics of normal isospin, it will be completely isomorphic to
isospin. In the uds multiplets the ladder operators Iˆ±,
Vˆ±, and Uˆ±, the z-component of isospin operator Iˆz, hy-
percharge operator Yˆ and strangeness operator Sˆ, acting
on
|u〉 =
10
0
 , |d〉 =
01
0
 , |s〉 =
00
1
 , (A1)
are given in terms of the Gell-Mann matrices (λi) as
Iˆ± = 12 (λ1 ± ιλ2) , Iˆz = 12λ3,
Vˆ± = 12 (λ4 ± ιλ5) , Yˆ = 1√3λ8,
Uˆ± = 12 (λ6 ± ιλ7) Sˆ = + 1√3
(
λ8 − 1√3 I
) (A2)
where ι is the imaginary unit and I is the identity ma-
trix. In the generalized isospin formalism, the equivalent
operators, acting on
|i〉 =
10
0
 , |j〉 =
01
0
 , |k〉 =
00
1
 , (A3)
would generalize to
Iˆij± =
1
2 (λ1 ± ιλ2) , Iˆijz = 12λ3,
Iˆik± =
1
2 (λ4 ± ιλ5) , Yˆ ij = 1√3λ8,
Iˆjk± =
1
2 (λ6 ± ιλ7) , Kˆ = ± 1√3
(
λ8 − 1√3 I
) (A4)
with the sign of Kˆ being chosen so that it agrees with
the charge of the quark of associated flavor. As such,
all commutation relations and mathematical properties
of isospin operators will also extend to the generalized
isospin operators, and any result based on a uds analysis
should also hold to reasonable accuracy in a given ijk
multiplet, at least to the extent that the ijk symmetries
can be considered good (i.e., Q˜ijkrel  215 in decuplets, or
Q˜ijkrel  29 in octets).
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TABLE III: Generalized GMO parameters for octetsa
ijk aijk0 a
ijk
1 a
ijk
2 a
ijk
3 a
ijk
1 − 2aijk2 mk − 12 (mi +mj) 2aijk2 Σijk − Λijk − (mi −mj) RMS Error Note
uds 911.33 200.83 44.60 4.05 111.63 91.45 89.2 76.96 2.5 6.95 —
udc 876.26 1431.08 83.54 0.16 1264.00 1271.45 167.08 166.44 2.5 0.49 b
udb 866.17 4777.48 97.00 1.94 4583.48 4176.45 194.00 — 2.5 0.23 —
usc 1211.94 1269.25 53.56 121.59 1162.12 1226.35 107.12 107.80 92.7 1.30 —
usb 1194.91 4608.41 76.27 125.49 4455.87 4131.35 152.54 — 92.7 1.23 c
ucb 3060.85 3959.33 19.43 1242.88 3920.47 3541.35 38.86 — 1272.3 — d
dsc 1220.31 1263.67 52.37 121.44 1158.93 1225.1 104.74 107.02 90.2 1.46 b
dsb 1202.52 4607.60 76.07 127.05 4457.19 4130.1 152.14 — 90.2 0.99 —
dcb 3061.94 3965.65 17.08 1241.97 3931.49 3540.1 34.16 — 1270.2 — b d
scb 3219.08 3890.75 35.74 1011.37 3819.27 3495 71.48 — 1180.0 — d
a Parameters are given in MeV and are based on baryon masses from [12]. Plain values were determined using only the PDG baryon
masses, while values in bold were estimated by completing the multiplet with the average baryon masses from Table V. Quarks masses
used are the MS masses from [12] and should only be used for order-of-magnitude considerations.
b Excluding the Ξ+cc.
c Ξ0b mass estimated from the Ξ
−
b mass and Ξ
0 − Ξ− mass splitting.
d Not enough data for a direct fit. Parameters were fitted using both PDG and Table V masses. Fit could accommodate any given mass.
TABLE IV: Generalized GMO parameters for decupletsa
ijk aijk0 +
15
4
aijk2 ∆ijk a
ijk
1 − 2aijk2 mk − 12 (mi +mj) aijk3 − (mi −mj) RMS Error Note
uds 1233.73 1232.00 148.37 91.45 0.80 2.5 3.18 —
udc 1232.00 1232.00 1286.07 1271.45 −0.13 2.5 0.33 —
udb 1232.00 1232.00 4601.60 4176.45 0.43 2.5 0.73 —
usc 1454.76 1455.01 1188.47 1226.36 140.45 92.7 10.67 —
usb 1454.76 1455.01 4506.03 4131.35 143.98 92.7 9.51 —
ucb 3160.85 — 3957.15 3541.35 1285.90 1272.3 — b
dsc 1456.66 1456.66 1186.77 1225.1 140.24 90.2 11.13 —
dsb 1456.66 1456.66 4507.18 4130.1 143.89 90.2 9.86 c
dcb 3162.2 — 3959.70 3540.1 1286.80 1270.2 — b
scb 3355.12 — 3886.07 3495 1137.02 1180.0 17.51 d
a Parameters are given in MeV and are based on baryon masses from [12]. Plain values were determined using only the PDG baryon
masses, while values in bold were estimated by completing the multiplet with the average baryon masses from Table VI. Quarks
masses used are the MS masses from [12] and should only be used for order-of-magnitude considerations.
b Fit could accommodate any given mass.
c Ξ∗0b mass estimated from the Ξ
∗−
b mass and Ξ
∗0 − Ξ∗− mass splitting.
d Not enough data for a direct fit. Parameters were fitted using both PDG and Table VI masses.
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FIG. 5: The ijk octets. Baryon masses taken from [12] are marked +, while those taken from Table V are marked
N. Mass estimates using Eq. (20) and direct parameter values from Table III are marked ×, while those using
estimated values are marked H.
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FIG. 6: The ijk decuplet. Baryon masses taken from [12] are marked +, while those taken from Table VI are
marked N. Mass estimates using Eq. (20) and direct parameter values from Table IV are marked ×, while those
using estimated values are marked H.
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TABLE V: Predicted masses of missing octet baryonsa
Multiplet Ω+ccb Multiplet Ω
0
cbb Multiplet Ξ
++
cc Multiplet Ξ
+
cc Multiplet Ξ
0
bb Multiplet Ξ
−
bb
ucb 8297.06 ucb 11596.09 udc 3717.46 udc 3717.62 udb 10395.91 udb 10397.85
dcb 8299.45 dcb 11609.96 usc 3676.25 dsc 3673.84 usb 10329.92 dsb 10335.18
scb 8273.75 scb 11542.33
Average 8290.09 Average 11582.79 Average 3696.86 Average 3695.73 Average 10362.92 Average 10376.52
σ 14.20 σ 35.72 σ 29.14 σ 30.96 σ 46.66 σ 30.17
Multiplet Ω+cc Multiplet Ω
−
bb Multiplet Σ
0
b Multiplet Ξ
′0
b Multiplet Ξ
′−
b Multiplet Ξ
+
cb
usc 3797.85 usb 10455.41 udb 5813.40 usb 5936.79 dsb 5943.24 ucb 7015.32
dsc 3795.28 dsb 10463.23
Average 3796.57 Average 10458.82 Average 5813.40 Average 5936.79 Average 5943.24 Average 7015.32
σ 1.82 σ 4.82 σ — σ — σ — σ —
Multiplet Ξ
′+
cb Multiplet Ξ
0
cb Multiplet Ξ
′0
cb Multiplet Ω
0
cb Multiplet Ω
′0
cb
ucb 7054.18 dcb 7023.32 dcb 7057.48 scb 7100.90 scb 7172.38
Average 7054.18 Average 7023.32 Average 7057.48 Average 7100.90 Average 7172.38
σ — σ — σ — σ — σ —
a Plain values were determined by fitting the generalized GMO parameters on the PDG baryon masses only. Values in bold could not be
determined from PDG baryon masses only, and were instead determined by fitting the generalized GMO parameters on the PDG
baryon masses as well as the average (plain) values from this table.
TABLE VI: Predicted masses of missing decuplet baryonsa
Multiplet Ω++ccc Multiplet Ω
−
bbb Multiplet Ξ
∗++
cc Multiplet Ξ
∗+
cc Multiplet Ξ
∗0
bb Multiplet Ξ
∗−
bb
udc 5090.21 udb 15036.80 udc 3804.21 udc 3804.08 udb 10434.99 udb 10435.45
usc 5020.17 usb 15032.30 usc 3761.48 dsc 3760.88 usb 10394.83 dsb 10399.08
ucb 5089.70 ucb 14972.85 ucb 3803.80 dcb 3805.60 ucb 10432.20 dcb 10418.20
dsc 5016.97 dsb 14978.20
dbc 5092.40 dcb 15011.30
Average 5061.89 Average 15006.29 Average 3789.83 Average 3790.19 Average 10420.67 Average 10417.58
σ 39.57 σ 29.75 σ 24.55 σ 25.39 σ 22.42 σ 18.19
Multiplet Ω∗+cc Multiplet Ω
∗−
b Multiplet Ω
∗−
bb Multiplet Ω
∗+
ccb Multiplet Ω
∗0
cbb Multiplet Σ
∗0
b
usc 3901.93 usb 6104.77 usb 10538.81 ucb 8403.90 ucd 11718.10 udb 5833.60
dsc 3900.32 dsb 6107.73 dsb 10542.97 dcb 8398.70 dcb 11705.00
Average 3901.13 Average 6106.25 Average 10540.89 Average 8401.30 Average 11711.55 Average 5833.60
σ 1.14 σ 2.09 σ 2.94 σ 3.68 σ 9.26 σ —
Multiplet Ξ∗+cb Multiplet Ξ
∗−
b Multiplet Ξ
∗0
cb Multiplet Ω
∗0
cb
ucb 7118.00 dsb 5936.84 ucb 7111.90 scb 7241.19
Average 7118.00 Average 5936.84 Average 7111.90 Average 7241.19
σ — σ — σ — σ —
a Plain values were determined by fitting the generalized GMO parameters on the PDG baryon masses only. Values in bold could not be
determined from PDG baryon masses only, and were instead determined by fitting the generalized GMO parameters on the PDG
baryon masses as well as the average (plain) values from this table.
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TABLE VII: Qijkabs and Q˜
ijk
rel estimates vs. direct determinations
a
ijk
Qijkabs (MeV) Q˜
ijk
rel Note
mi-based
b Octet-based Decuplet-based mi-based
b Octet-based Decuplet-based
uds 2.5 4.05 0.80 9.11 × 10−3 1.07 × 10−2 1.81× 10−3 c
udc 2.5 0.16 −0.13 6.55 × 10−4 5.76× 10−5 −3.37 × 10−5 c
udb 2.5 1.94 0.43 1.79 × 10−4 2.05× 10−4 3.11 × 10−5 c
usc 92.7 121.59 140.45 2.52× 10−2 4.89× 10−2 3.94 × 10−2
usb 92.7 125.49 143.98 6.72× 10−3 1.37× 10−2 1.07× 10−2
ucb 1272.7 1242.88 1285.90 1.06× 10−1 1.57× 10−1 1.08× 10−1
dsc 90.2 121.44 140.24 2.45× 10−2 4.91× 10−2 3.94× 10−2
dsb 90.2 127.05 143.89 6.53× 10−3 1.39× 10−2 1.06× 10−2
dcb 1270.2 1241.97 1286.80 1.06× 10−2 1.57× 10−2 1.09× 10−1
scb 1180.0 1011.37 1137.02 9.92× 10−2 1.42× 10−2 9.75× 10−2
a Plain values were determined using only the PDG baryon masses, while values in bold were estimated by completing the multiplet
with the average baryon masses from Table V and Table VI.
b Qijkabs estimates are based on the MS quark masses from [12] and should only be used for order-of-magnitude considerations.
c The measured Qijkabs are sensitive to electromagnetic interactions which we neglected in our generalized GMO formalism. The udk
multiplets values will be particularly sensitive to EM corrections.
